The direct decompositions in ^-theory, in Galois cohomology, and for the graded Witt ring, for a field with a complete discrete valuation are a familiar part of the "local" machinery of field theory. In view of the increasing importance of Henselian fields, it seems worthwhile to spell out just how these results for complete discrete fields generalize to the Henselian case. While such generalizations are not surprising, and may in certain cases be known to some, they have not appeared in the literature. (The Witt ring of a Henselian field has been described, see [15, §12.2] , but not the graded Witt ring.)
The basic setting for our results is a field F with a /7-Henselian valuation (p a prime number), as described in §1. The /7-Henselian property is a weaker relative version of the Henselian condition on a valuation. We work with /?-Henselian valuations because they are exactly the ones for which direct sum decompositions exist (at least when F has enough roots of unity) -see (2.3), (3.10) , and (4.7). We will consider AΓ-theory, cohomology, and the graded Witt ring in separate and largely independent sections. While the direct sum formulas are strikingly similar in each category, the methods used to obtain them are quite different.
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1. /7-Henselian fields and a ring construction. We will use the notation (F, v, Γ) for a field F with valuation v: F -> Γ (where F -F -{0}). The value group Γ will be written additively. The valuation ring, maximal ring, group of units, and residue field associated to υ will be denoted respectively V υ , m v , U v , and F. For a E V v , a will denote its image in F.
Let p be a prime number. A field extension F C K is said to be a p-extension if if is Galois over F with Galois group a pro-/?-group. The p-closure of JF, which will be denoted F(p), is the unique maximal /^-extension of F in some algebraic closure. A valuation v on F is said to bep-Henselian if there is only one extension of v to F(p). This is a special case (Ω = F(p)) of the Ω-Henselian valuations introduced in [5] and discussed also in [4, Ch. II] . Brόcker points out [5, §1] that the usual characterizations and properties of Henselian fields have natural analogues for /?-Henselian fields.
All Henselian valuations are /7-Henselian. Valuations which are 2-Henselian but not in general Henselian have arisen naturally in connection with superpythagorean fields (see [5, (3.5) ], [6, Cor. 8] ) and in quadratic form theory -see [14] and [28] . Notably, Ware has shown [28, Th. 4.4] that essentially whenever the Witt ring of F is a group algebra there is a 2-Henselian valuation on F which induces the group algebra structure on WF. PROPOSITION 
Let (F, v,T) be a field with valuation. Then v is p-Henselian if and only if υ extends uniquely to each Galois extension L of F with [L: F] = p.
Proof. Let ϋ be any extension of υ to F(p), and let M be the decomposition field of v/v (see, e.g. For any integer n > 1, μ n will denote a group of n nth roots of unity in a field. To say that F contains n nth roots of unity (and hence, char F\n) we will often write for short, μ n C F. Note that if F has a valuation v and charF{_«, then μ n C F implies μ n QF\ when this occurs, the residue map V υ -> F sends the nth roots of unity in F bijectively to those of F. PROPOSITION (ii) If charF = /?, then the analogue of (1.2), at least for a discrete valuation, is: υ is ^-Henselian iff m v Q {a p -a\ a E F}. This is a little harder to prove than (1.2).
The next lemma, which is well known, gives a basic property of /7-Henselian valuations (when μ p C F) which we will use heavily. We write Z n for Z/nZ (with Z the integers). (1.5) 1
is split exact, not canonically, since T/nT is a free Z n -module.
Proof. For any field with valuation (F, v 9 Γ) we have the canonical short exact sequence
n is an isomoφhism, which we substitute into (1.6) to obtain (1.5). To obtain a Z n -base of Γ/ΛΓ, take any subset of T/nT mapping bijectively to a Z^-base of Γ/pΓ. D For a field with /?-Henselian valuation, we will compare a ring (in ΛΓ-theory, Galois cohomology, or a graded Witt ring) for F with the corresponding one for F. In each case the same kind of ring extension occurs, which we will now describe in general terms. All the rings we consider are assumed to be associative.
Let 2. Milnor's AΓ-theory mod n. Let (K*F) n denote Milnor's iΓ-theory for a_ field F, taken modn. We now show how (K*F) n is related to (K*F) n for a/7-Henselian field, n a power of/?. The arguments are easy and natural generalizations of those given by Milnor [19, §2] for a complete discrete valuation. The resulting decomposition of (K*F) n in terms of (K*F) n provides a prototype of what should be expected in the setting of Galois cohomology and of graded Witt rings.
We recall briefly Milnor's construction in [19] of K*F. For a field F let T(F) denote the tensor algebra of F as a Z-module. Reducing T(F) modulo the (homogeneous) ideal generated by{α®(l -a)\ a E: F, aφ 1} yields the anticommutative [19 
, the extension ring of (K*F) n described in ( Thus, γ exists, and since B is n-torsion, γ induces a homomorphism θ: (jfiΓ 5je i 7 ) M -»B. One easily sees that θ has the properties described in the proposition; θ is surjective since a is surjective and the ring B is generated by its terms of degree 1 (since this is true for (K*F) n ). D Note that the ring (K*F) n [J; /(-ϊ)] has the form described in (1.12)(i) if n is odd and (1.12)(ϋ) if n = 2. Observe also that the argument of (2.1) shows that if Γ itself is a free abelian group (not just T/nT), then there is a map
We can obtain various "residue maps" from (K*F) n to (K*F) n by composing_0 of (2.1) with projection onto any of the (Λ^F) π -components of (K*F) n [J; /(-ϊ)] in the direct decomposition given in (1.11). With one exception, these residue maps depend substantially on the choice of {iΓj} JEί j. The exception occurs when T/nT has finite rank, say r 9 as a Z^-module. Then set J = {1,2,... 9 r}. Using projection onto the component of x x x 2 x Γ , we have 3:
If we make a different choice of the π i9 say {τr[,...,7r/}, and form the corresponding map 9', then 3' = dd. The constant d, a unit in Z π , is the determinant of the change of base matrix from the ordered base {tJ(TΓJ),... 9 v(ir{)} of T/nT to {ϋ(w,),... ,ϋ(τ7 r )}. Of course, if π = 2 or if there is a preferred basis of T/nT (e.g., when Γ s Z), then 3 is canonically determined. PROPOSITION 
(cf. [19, (2.6)]). Let n -p c , where p is prime. For a field with valuation (F 9 v 9 Γ) the map θ of (2.1) isjan isomorphism if and only if
1 + m Ό C F n .
When this occurs, and (K*F) n is identified with its image in (K*F) n , we have (using notation
Furthermore, we have for each summand,
Proof. Assume some choice of {IΓJ}J GJ has been made as in (2.1).
It is easy to verify that the canonical injection /: F/F n -> F/F n of (1.5) induces a graded ring homomorphism λ: 
If F is Henselian, we may take Ω to be the separable closure of F. D REMARK 2.5. The number n was restricted to be a prime power in (2.1)-(2.4) to assure that T/nT be a free Z^-module. For more general values of n one can always reduce to the prime power case: if n -n λ n k , with n i -Pi* and the p i distinct primes, we have the primary decomposition (K*F) n = ® L\(K^F) n . This is also a direct sum decomposition of rings. Note that the rank of Γ/fl/Γ may vary with /.
3. Galois cohomology. We now prove the analogues to ^2.1) and (2.3) for Galois cohomology with Z n coefficients. The case F = F((t)) and n -2 was proved by Milnor [19, p. 341]. Arason [1, pp. 475-477] obtained the corresponding direct decomposition for υ a Henselian discrete valuation on F and n = 2, and Elman [9, Th. 2.6] generalized Arason's argument to arbitrary n. (Of course the analogous direct decomposition for the Brauer group, with F a field with complete discrete valuation is much older -tracing back to Witt [29] .) Our approach here applies to Henselian valuations with arbitrary value group, using an induction argument with an abstracted version of Arason's argument for the induction step. Choose any β GH\G,n) such that φ(res G _^(β)) = 1 in Z n . Then, for every k > 1, there is a short exact sequence
which is split by the map
Proof. For any A: > 1, consider the following diagram: The map φ* in (3.2) is the isomorphism induced from φ, using (i) and (ii). ψ was defined above. We compute φ* © r o ψ. Take any α =
, where, for g,,...,g Λ E G, τ(g,,...,g*) = β{g λ ) p(g 2 N 9 ... 9 
g k N).
This cocycle r has the property given above. Hence, r(ψ(α)) = [σ], where
This calculation shows that φ* © r © ψ = id. Hence, r is surjective, so d = 0 in the long exact sequence in (3.2), and this sequence breaks up into short exact sequences. (For k -1, the injectivity of ml G [12] -Hattori gives a proof without using spectral sequences. However, the specific property of the map r needed to see that ψ splits the short exact sequence in (3.1) (the property given in the sentence earlier beginning "For any such T. ..") is not apparent from the arguments in [12] or [21] . Nor is it very clear in [13] , either, but it follows from the proof of [ 
Proof. This is immediate from (3. Let F s denote a separable closure of i% and let G F denote the Galois group §(F S /F). Since μ n C F, G F acts trivially on μ n . Fixing henceforth a generator ω E μ n to be mapped to 1 in Z Λ , we will identify /ί*(G F , μ n ) 
Furthermore, there is a graded ring isomorphism (in notation (1.8))
Proof. To simplify the notation, we write H*(G) for H*(G, n) and Let # = chari 7 (so qΦp), and let i^r denote the maximal tamely ramified extension of F in F s . Note that for the valuation extension v F Jv, F tr is the ramification field, F nr is the inertia field, and F itself is the decomposition field (cf. [11] Proof_Let {E Λ w, Δ) be any Henselization of (F, v 9 Γ). Then, we may identify E with F and Δ with Γ. Let v E denote the map of (3.6) for E (using the same {π y }_for E as for F).
For any a G U Ό9 v(δ(a)) -8(a) /. This is immediate from the commutative diagram (3.11), since by (2.4) and (3.6) the rows of the diagram are isomorphisms. D REMARK 3.14. There is a/?-Henselian version of (3.6) and (3.10)-(3.13). 9 where F(p) is the /^-closure of F, and let δ: F -» H\G F , n) be the analogue of the earlier δ (when μ n Q F). Then the analogue to (3.6) holds for (F, t>, Γ) /?-Henselian (for n -p c ), with G F , G F , and δ(7r y ) replacing G F , G F , and δ(7r y ). The proof can be carried out in the same way as for (3.6), and is a little easier, because the reduction from F s to L is not needed. Likewise, (3.10)-(3.13) hold with the corresponding changes.
REMARK 3.15. Jacob points out an alternative approach to (3.6) and its /7-Henselian analogue (cf. [14, pp. 266-267] ). With the hypotheses of (3.6), and the notation as in its proof,
let G = §(L/F) and K = §(L/F nr ).
So H*(G F ) = H*(G), as noted above, and K is an inverse limit of free 
is a direct sum of copies of Z n ; using that H q {K) is generated by cup products of terms from H\K) 9 one can check that G F acts trivially on H q (K). This determines Eξ* q 9 and shows that H k (G) decomposes into a direct sum of copies of H m (G F ), 0 < m < k, as in (3.6). One is left with the task of identifying the summands within H k (G)\ this further information is needed for proving (3.10) and (3.13) .
(This argument, or (3.6) and (3.10) can be used to prove the group extension case of [14, Th. 6], replacing the argument on the bottom of p.266 of [14] ; the reduction given there using composite valuations is invalid.) For F as in (3.6) with μ pa c F for each a, this direct limit is calculable from (3.6). The question then arises whether there is an analogue to (3.6) for H*(G F , μ M ), n = p a 9
when μ n <£ F. For this, the argument using (3.1) does not seem to work, since for the G and N in the proof of (3.6), one has H\N 9 μ n ) = Z n (with trivial G action), and this is not G-isomorphic to μ n . Nonetheless, the spectral sequence argument of (3.15) shows that some sort of direct decomposition of H* (G F , μ n ) 
is the union of the fz-torsion parts of Br(K tr /K nr ), for those n with μ n C K.)
The graded Witt ring.
In this section we will obtain results like those of the preceding sections (with n = p -2) for the graded Witt ring GWF of quadratic forms of a field with valuation (F, v, Γ) . This is a matter of translating to associated graded rings known theorems about the Witt ring of F, which we will first review briefly. The map λ of (4.1) induces a surjective graded ring homomorphism (ii) Just as in (2.2) above, if | Γ/2Γ |= 2 r < oo, we obtain from γ a canonical residue map 9: GWF -» GWF of degree -r. The formula for 9 is like the one in (2. -{b t ) ) E JFM, 1 < ί < j. Let % (resp. 6) denote the set of nonempty subsets of / (resp. of {1,2,...,s}). For /= Uv -Jm) E % ( as in notation (1.9)), let <xγ= a j a ji oijj likewise for βγ if I E fi. Formula (4.9) for k = 0 becomes a little more complicated because we have split up the base for Y. It now reads: (Formula (5.14) corresponds to (5.10) and (5.12) above; but the summands indexed by % in (5.14) are all 0's because they come from terms involving H°(- 9 2) and H\-,2), where there is complete cancellation.)F rom (5.14) it follows that F has Tignol's property P^n) [27, p. 6] iff F /7-HENSELIAN FIELDS: ΛΓ-THEORY 495 has property P.(n) 9 for i = 1,2,3, n = 1,2,... (cf. [25, (3.10) ]. This was proved by Tignol [27, §6] for v a complete discrete valuation.
